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ABSTRACT

Hardware-accelerateddirectvolumerenderingof unstructuredvol-
umetricmeshesis oftenbasedontetrahedralcell projection,in par-
ticular, the ProjectedTetrahedra(PT) algorithm and its variants.
Unfortunately, evenimplementationsof themostadvancedvariants
of thePT algorithmareveryproneto renderingartifacts.

In this work, we identify linear interpolationin screencoordi-
natesasa causefor signi�cant renderingartifactsand implement
thecorrectperspective interpolationfor thePT algorithmwith pro-
grammablegraphicshardware. We also demonstratehow to use
featuresof moderngraphicshardware to improve the accuracy of
the coloring of individual tetrahedraand the compositingof the
resulting colors, in particular, by employing a logarithmic scale
for the pre-integratedcolor lookup table,usingtextureswith high
color resolution,renderingto �oating-point color buffers, andal-
phadithering. Combinedwith a correctvisibility ordering,these
techniquesresult in the �rst implementationof the PT algorithm
withoutobjectionablerenderingartifacts.Apart from theimportant
improvementin renderingquality, ourapproachalsoprovidesatest
bedfor differentimplementationsof the PT algorithmthat allows
us to study the particular renderingartifacts introducedby these
variants.

CR Categories: I.3.3 [Computer Graphics]: Picture/Image
Generation—Displayalgorithms,Bitmap and framebuffer opera-
tions;I.3.7[ComputerGraphics]:Three-DimensionalGraphicsand
Realism—Raytracing

Keywords: volumevisualization,volumerendering,cell projec-
tion, projectedtetrahedra,perspective interpolation,dithering,pro-
grammablegraphicshardware

1 I NTRODUCTI ON AND PREVI OUS WORK

Thereareseveralapproachesto directvolumerenderingof unstruc-
turedmeshes,e.g.,ray castingandcell projection.However, most
implementationsfor OpenGLgraphicshardwarearebasedon cell
projection;morespeci�cally, the ProjectedTetrahedra(PT) algo-
rithm publishedby Shirley andTuchman[18].

ThePTalgorithmexploits thetrianglerasterizationperformance
of graphicshardware by decomposingthe projectedsilhouetteof
a tetrahedroninto threeor four triangles,asin Figure1. Previous
researchhasfocusedon two aspectsof this algorithm: the color
computationfor thesetriangles[6, 14, 16, 19] andthecomputation
of a visibility orderingof thetetrahedra[2, 3, 10]. In this work, we
arenot concernedwith thelatterandassumethata correctvisibil-
ity orderingis available. In fact, we employ the extensionof the
meshedpolyhedravisibility ordering(MPVO) algorithmfor non-
convex meshessuggestedby Williams [22], whichcomputesa cor-
rectorderingfor mosttetrahedralmeshes.
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Figure 1: Classi�cation of non-degenerateprojected tetrahedra (top
row) and the corresponding decompositions (bottom row).

To computethe colors of trianglesgeneratedby the PT algo-
rithm, Shirley andTuchman[18] suggestedcomputingcorrectcol-
ors only for the triangles' vertices. Thus, the ef�cient linear in-
terpolationof vertex colorsprovidedby graphicshardwarecanbe
exploited.Unfortunately, this resultsin renderingartifactsevenfor
uniformattenuationcoef�cients asnotedby Stein,Becker, andMax
[19]. Theirsolutionwasto interpolatethethicknessandtheaverage
attenuationcoef�cient of the projectedtetrahedronfor eachfrag-
mentby meansof texturecoordinateinterpolation.Basedon these
two interpolatedvalues,theopacityof eachfragmentis determined
by a two-dimensionaltexture lookup. This opacity is eithermod-
ulatedwith a constantcolor, or with an interpolatedvertex color.
Unfortunately, the linear interpolationof the averageattenuation
coef�cient andthe thicknessis only correctfor orthogonalprojec-
tionsandleadsto renderingartifactsfor perspective projections.

An ef�cient computationof thecorrectperspective interpolation
hasbeenpublishedbyHeckbertandMoreton[7] andindependently
by Blinn [1]. Moreover, correctperspective interpolationis usually
offeredby moderngraphicshardware supportingOpenGL.How-
ever, theperspective interpolationemployed in OpenGL[17] can-
not directly curethis problemfor thePT algorithmbecauseit was
designedfor an interpolationof valueson triangles—notwithin
tetrahedra.

Another well-known disadvantageof the methodby Stein et
al. [19] is the restrictionof the attenuationcoef�cients to linear
functionswithin eachtetrahedron. This problemwas addressed
by a software-basedcomputationfor arbitrary attenuationtrans-
fer functionspublishedby Max, HanrahanandCraw�s [13]. The
availability of hardware-supportedthree-dimensionaltexturemaps
allowedRöttger, Kraus,andErtl [16] to implementageneralization
of this methodin graphicshardware.This techniqueis now known
aspre-integratedcell projection. The basicideais to employ lin-
earinterpolationof texturecoordinatesto interpolatethethickness
of the tetrahedronandthe scalardatavalueon the front andback
facesof the tetrahedronfor eachfragment. Hardware-accelerated
three-dimensionaltexture mappingis thenexploited to performa
lookupof thecolor for aparticularfragment.Notethatthisparticu-



lar implementationof pre-integratedcell projectionbyRöttgeretal.
is alsorestrictedto orthogonalprojectionsandgeneratesrendering
artifactsfor perspective projections.Pre-integratedcell projection
wasfurther improved[6, 14]; however, theartifactscausedby per-
spective projectionswerenever addressed.

An alternative to cell projectionis ray castingin unstructured
meshes.The basicalgorithm for traversingcells of a tetrahedral
meshalongviewing raysandan implementationin softwarewere
publishedby Garrity [5]. More recently, Weiler et al. [20, 21] pub-
lisheda cell projectionalgorithmbasedon the ideaof ray casting
single tetrahedrain graphicshardware anda hardware-basedim-
plementationof a pre-integratedvariantof Garrity's algorithmus-
ing �oating-point color buffers.With respectto renderingartifacts,
therearetwo advantagesof theray castingapproachin contrastto
thePT algorithm: theuseof �oating-point precisionto composite
colorsandthe absenceof any interpolationerrorsdueto perspec-
tive projection.In orderto achieve a similar renderingquality with
thePTalgorithm,wederivethecorrectperspectiveinterpolationfor
projectedtetrahedraanddiscussits implementationwith thehelpof
programmablegraphicshardwarein Section2.

For the coloring of individual tetrahedra,Weiler et al. [20]
employed a pre-integratedlookup table implementedby a three-
dimensional�oating-point RGBA texture. Unfortunately, the lack
of trilinear interpolationin thesetexturesand the limited resolu-
tion resultin renderingartifacts.Our solutionto theseproblemsis
theuseof textureswith 16 bitspercolorcomponentandtheimple-
mentationof a logarithmicscalefor thepre-integratedlookuptable.
Theseenhancementsaredescribedin Section3.

While thecompositingof color contributionsis performedwith
�oating-point precisionby mostray casters,hardware-accelerated
cell projectionwith programmablegraphicshardwarehasbeenre-
strictedto 8-bit �x ed-pointcolor componentsuntil recently. Even
the currently available hardware supportfor �oating-point color
buffersdoesnotallow usto blendsmall,overlappingtriangleprim-
itiveswithout renderingartifacts. Sincethe PT algorithmtendsto
generatemany smalltriangles,it is proneto theseartifacts.In Sec-
tion 4, we show how to avoid themat thecostof renderingperfor-
mance.Moreover, wepresentanalternativeapproachfor 8-bit color
componentssimilar to the alphaditheringtechniquesuggestedby
Williams, Frank,andLaMar [23, 11].

A comparisonof the commonrenderingartifactsof implemen-
tationsof the PT algorithm is given in Section5. The rendering
performanceof our enhancedvariantsof thePT algorithmarealso
discussedin this section. Section6 presentsour conclusionsand
plansfor futurework.

2 PERSPECTI VE I NTERPOL ATI ON

Before discussingthe interpolationof vertex attributeswith per-
spective correctionfor the PT algorithm in Section2.2, we will
introduceournotationandderive therequiredequations.

2.1 Inter polation in Normalized DeviceCoordinates

Our notationis basedon theOpenGLspeci�cation[17]; in partic-
ular, the homogeneouscoordinatesof a vertex vo in objectspace
are denotedby (xo;yo;zo;wo)T . Assumingwo is not equalto 0,
this four-dimensionalvector representsa three-dimensionalvec-
tor (xo=wo;yo=wo;zo=wo)T . The model-view matrix M mapsa
vector vo from object spaceto a vector ve = (xe;ye;ze;we)

T in
eye space,i.e., ve = Mvo. The mappingfrom eye spaceto clip
spaceis performedby the projection matrix P: vc = Pve with
vc = (xc;yc;zc;wc)

T . Finally, we de�ne thenormalizeddevice co-
ordinatesas the componentsof the four-dimensionalvectorvd =

eyepoint

view plane

vd
H1L

vd
H2L

f HvoL

vc
H1L

vc
H2L

0 1 wc
H1L wc
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Figure 2: The projection of a linear function f (vo) onto the view
plane results in a nonlinear function. In the depicted caseof a linear
color interpolation between vertices v(1)

c and v(2)
c , the center point

between v(1)
c and v(2)

c and its color are not projected to the center
point betweenv(1)

d and v(2)
d as illustrated by the centereddashedline.

(xd;yd;zd;1)T obtainedby a “perspective division” from vc, i.e,
vd = vc=wc.

For the derivation of the perspective interpolation1, we have to
considerlinear functions in object space. In homogeneousco-
ordinates,any scalar function f (vo) that is linear in the three-
dimensionalcoordinatesxo=wo, yo=wo, andzo=wo is of theform

f (vo) = cx
xo

wo
+ cy

yo

wo
+ cz

zo

wo
+ cw = c�

vo

wo

with a constantfour-dimensionalvectorc =
�
cx;cy;cz;cw

� T . Note
that the projectionto normalizeddevice coordinateswill turn this
linearfunctioninto a nonlinearfunctionasillustratedin Figure2.

Assumingwc is notequalto 0 andthematrixproductPM hasan
inverse,wecanalsowrite:

f (vo) = c� (PM)� 1PM
vo

wc

wc

wo
:

With the constant vector c0 =
�
(PM)� 1� T

c and the equality
PMvo=wc = vd we obtain

f (vo)
wo

wc
= c0� vd:

Thisequationimpliesthat f (vo)wo=wc is a linearfunctionof the
normalizeddevice coordinatesxd, yd, andzd. Therefore,givenany
function f (vo) that is linear in the three-dimensionalcoordinates
xo=wo, yo=wo, and zo=wo, we may linearly interpolatevaluesof
f (vo)wo=wc in normalizeddevicecoordinates.

An importantexampleis f (vo) � 1. Since1 is constant,it is also
a linear “function” of xo=wo, yo=wo, andzo=wo. In this particular
case,theresultfrom above implies thatwo=wc is a linear function
of xd, yd, andzd; therefore,we may linearly interpolatevaluesof
wo=wc in normalizeddevice coordinates.

Theseresultswereexploited by HeckbertandMoreton[7] and
independentlyby Blinn [1] for the perspective interpolationof at-
tributesbetweenvertices,e.g.,color or texturecoordinates.If two
verticesareconnectedby a line, thecorrespondingattributesof the
two verticesde�ne a linear function on the line segment. Analo-
gously, if threeverticesareconnectedby atriangle,thecorrespond-
ing attributesde�ne a linear functionon the triangle. Thedomain

1CompareEquations3.4and3.6in theOpenGL1.5speci�cation[17].
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Figure 3: Decomposition of the tetrahedron (ao;bo;co;do) into three
smaller tetrahedra corresponding to the triangles generatedby the PT
algorithm for class1a (seeFigure 1). The new vertex to is determined
by the intersection of triangle (ao;co;do) with the extension of the
line from the eye point to bo. The three tetrahedra are (ao;bo;co; to),
(co;bo;do; to), and (do;bo;ao; to).

of theselinearfunctionsf (vo) maybeextendedto thewholethree-
dimensionalobjectspacewithout any complications.The projec-
tion of thesefunctionsis, however, not linearin normalizeddevice
coordinates(seeFigure2). Therefore,insteadof linearly interpolat-
ing vertex attributes,thevaluesof f (vo)wo=wc andwo=wc areinter-
polatedseparatelyfor eachvertex, andthesevaluesareinterpolated
linearly in normalizeddevice coordinatesfor eachfragment. The
valueof f (vo) is thenreconstructedby onedivisionperfragment:

f (vo) =

�
f (vo) wo

wc

�

interpolated�
wo
wc

�

interpolated

:

Assumingwo is equalto 1 (or at leastall wo's arethesamefor all
vertices),this leadsdirectlyto Equations3.4and3.6in theOpenGL
1.5speci�cation[17].

2.2 Inter polation for ProjectedTetrahedra

The original PT algorithm[18] decomposesthe (non-degenerate)
projectionof a tetrahedroninto threeor four triangles(seeFig-
ure 1), computescolors for all triangle vertices, and employs
hardware-acceleratedtrianglerasterizationto interpolatethe frag-
mentcolor. Note thata correctperspective interpolationof colors
is impossiblefor this algorithmbecauseeachrasterizedfragment
correspondsto a viewing raysegmentthroughthetetrahedronwith
a rangeof wc coordinatesinsteadof a singlewc coordinate.

Insteadof decomposingtheprojectionof atetrahedroninto three
or four triangles,we canalsodecomposethetetrahedronitself into
threeor four smallertetrahedra.In this case,thedecompositionis
performedin objectcoordinatesinsteadof normalizeddevicecoor-
dinates.As illustratedin Figure3, eachof thesesmallertetrahedra
is projectedto oneof the trianglesof the original PT decomposi-
tion. Moreover, eachof thesmallertetrahedrafeaturesonepair of
vertices,which areprojectedto the sametwo-dimensionalvertex

in theview plane. In Figure4, for example,v(1f)
o (the“front” ver-

tex) andv(1b)
o (the“back” vertex) areprojectedto thesamevertex

in the view plane. In orderto processall threeverticesof the tri-
anglesin the view planein exactly the sameway (asrequiredby
our implementation),we duplicatetheothertwo three-dimensional

verticesof thetetrahedron.For example,v(2f)
o andv(2b)

o in Figure4

view plane

vo
H1f L

vo
H1bL

vo
H2f L=vo

H2bLvo
H3f L=vo

H3bL

eyepoint

Figure 4: The tetrahedron (do;bo;ao; to) from Figure 3 in our notation

for triangle vertices. Note that v(1f)
o and v(1b)

o are projected to the
same point on the view plane.

areidenticalcopiesof onevertex. Analogously, v(3f)
o andv(3b)

o are
identical.

Oncethesix verticesv(1f)
o , v(1b)

o , v(2f)
o , v(2b)

o , v(3f)
o , andv(3b)

o are
computed,either the front facingtrianglespannedby the vertices

v(1f)
o , v(2f)

o , andv(3f)
o or thebackfacingtrianglespannedby thever-

ticesv(1b)
o , v(2b)

o , andv(3b)
o canberasterizedbecausebothtriangles

will cover thesamepixels. During therasterizationof eithertrian-
gle,wecaninterpolateany vertex attributeeitheronthefront facing

triangleby interpolatingbetweenverticesv(1f)
o , v(2f)

o , andv(3f)
o , or

onthebackfacingtriangleby interpolating(with thesameweights)

betweenverticesv(1b)
o , v(2b)

o , andv(3b)
o . Thecorrectperspective in-

terpolationcanbeperformedasdescribedin Section2.1.
This approachavoidsrenderingartifactscausedby an incorrect

(nonperspective) interpolationin several importantvariantsof the
PTalgorithm.For example,in thevariantof thePT algorithmpub-
lishedby Steinet al. [19], we caninterpolatetheattenuationcoef-
�cients t (f) andt (b) with perspective correctionon thefront facing
andthe backfacingtriangle, respectively, while rasterizingeither
one. Similarly, we can interpolatethe scalardatavaluess(f) and
s(b) on the two trianglesin thepre-integratedvariantof thePT al-
gorithmsuggestedby Röttgeretal. [16].

Thesetwo variantsof the PT algorithmalso requirethe thick-
nessof thetetrahedronfor therasterizedfragment.This thicknessl
maybecomputedasthedistance(in three-dimensionaleye space)
betweenthepointsonthetwo trianglescorrespondingto theraster-
izedfragment:

l =

�
�
�
�
�
v(b)

e

w(b)
e

�
v(f)

e

w(f)
e

�
�
�
�
�
:

All coordinatesof v(f)
e =w(f)

e andv(b)
e =w(b)

e are linear functionsof
the three-dimensionalobjectcoordinatesfor any model-view ma-

trix M with a fourth row vectorof (0;0;0;1)T ; therefore,v(f)
e =w(f)

e

and v(b)
e =w(b)

e can be interpolatedwith perspective correctionon
thefront facingandbackfacingtriangle,respectively, asdescribed
above.

Usually all we coordinatesare1. Furthermore,we canexploit

the fact that the three-dimensionalpoints representedby v(f)
e and

v(b)
e areononeline with theorigin:

l =
�
�
�v

(b)
e � v(f)

e

�
�
� =

�
�
�v

(f)
e

�
�
�

�
�
�
�
�
z(b)
e � z(f)

e

z(f)
e

�
�
�
�
�
:
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Figure 5: Data 
o w in our implementation of perspective interpola-
tion for the PT algorithm.

Note that jv(f)
e j denotesthe Euclideanvector norm of the three-

dimensionaleye spacevectorrepresentedby v(f)
e . The latterequa-

tion is alsoemployedin our implementation,which is presentedin
thenext section.

2.3 Implementation with ProgrammableGraphics Hardware

Our implementationis basedon theOpenGL1.5 ARB extensions
for vertex programsandfragmentprograms[17]. Figure5 illus-
tratesthedata�o w for perspective interpolationin our implemen-
tationof thePT algorithmfor pre-integratedcell projection.

As discussedin Section2.2,eachtetrahedronisdecomposedinto
threeor four smallertetrahedracorrespondingto the trianglesof
the original PT algorithm. For eachof the smallertetrahedra,the

six verticesv(1f)
o , v(1b)

o , v(2f)
o , v(2b)

o , v(3f)
o , andv(3b)

o arecomputed.
Moreover, six correspondingscalardatavaluess(1f) , s(1b) , s(2f) ,
s(2b) , s(3f) , ands(3b) aredetermined.We rasterizethe front facing

trianglespannedby the verticesv(1f)
o , v(2f)

o andv(3f)
o . Apart from

thesecoordinates,eachtrianglevertex is alsoprovidedwith theob-
ject coordinatesof thecorresponding“back” vertex andthescalar
datavaluesfor thefront andbackvertex. For example,for thei-th

vertex with objectcoordinatesv(if)
o wespecifythescalardatavalues

s(if) ands(ib) , andthevectorv(ib)
o asadditionalvertex attributes.

Thesevertex attributes are the input parametersfor our ver-
tex program. For the i-th vertex, the vertex programcomputes

clip coordinatesv(if)
c = PMv(if)

o andnormalizeddevice coordinates

v(if)
d = v(if)

c =w(if)
c . By performingthe perspective division andre-

turning normalizeddevice coordinatesinsteadof clip coordinates,
we ensurethatOpenGLdoesnot useperspective interpolationbut
linearinterpolationsincewespecifythatwc is equalto 1.

Apart from theprojectedposition,theoutputparametersof our

vertex programfor thei-th vertex are1=w(if)
c , s(if)=w(if)

c , v(if)
e =w(if)

c ,

1=w(ib)
c , s(ib)=w(ib)

c , andz(ib)
e =w(ib)

c . Note thatwe setall wo's to 1;
thus,they donotappearin thesequantities.

Theseoutputvertex attributesarelinearly interpolatedbetween
the threeverticesof eachtriangle. We denotethe resultsof these

interpolationsby 1=w(f)
c , s(f)=w(f)

c , v(f)
e =w(f)

c , 1=w(b)
c , s(b)=w(b)

c , and

z(b)
e =w(b)

c , respectively. Theseareinputparametersfor ourfragment
program,whichcompletestheperspective interpolationby dividing
interpolatedvalues:

s(f) =
s(f)=w(f)

c

1=w(f)
c

;v(f)
e =

v(f)
e =w(f)

c

1=w(f)
c

;s(b) =
s(b)=w(b)

c

1=w(b)
c

;z(b)
e =

z(b)
e =w(b)

c

1=w(b)
c

:

Thethicknessl of thetetrahedronis computedfrom thesequantities
asdescribedin Section2.2.Notethatit is oftenpossibleto simplify
thecomputationof l without introducingvisible renderingartifacts

with thehelpof theapproximationl � jz(b)
e � z(f)

e j.
Thiscompletestheperspective interpolationof s(f) , s(b) , andthe

computationof l . Basedon theseparameters,thecolor of thefrag-
ment is determinedby the fragmentprogramas discussedin the
next section.

3 ACCURATE COL ORI NG

In thePTalgorithm,many tetrahedracancontributeto thecolorof a
singlepixel; therefore,evensmallcolor contributionsof individual
tetrahedracansumup to a signi�cant contribution to the �nal im-
age.Thus,in orderto avoid renderingartifacts,theaccuracy of the
color computationfor a singletetrahedronhasto exceedthecolor
accuracy of the�nal image.

Fortunately, arithmeticcomputationsin fragmentprogramsmay
beperformedwith �oating-point precision.Therefore,it is bene�-
cial to replace,for example,thetexturelookupfor thecorrectexpo-
nentialattentuationsuggestedbySteinetal. [19] byamoreaccurate
computationin a fragmentprogram.For someopticalmodels,the
three-dimensionaltexture lookup for pre-integratedcell projection
canalsobereplacedby a fragmentprogramassuggestedby Guthe
et al. [6]. In general,however, the pre-integratedlookupcanonly
bereplacedby anexpensive numericalintegration.

Therefore,insteadof replacingthepre-integratedtexturelookup,
we improve its accuracy by employing textureswith 16-bit color
components(socalled“HILO textures” [9]), which supporttrilin-
earinterpolation.SinceHILO texturesareonly availablewith two
color components,we have to split theRGBA lookup texture into
two HILO texturesandperformtwo texturelookupsto getall four
color components.Note that we avoid �oating-point texturesbe-
causethey only permitnearest-neighbor“interpolation.”

Apart from the accuracy of the colors tabulated in the three-
dimensionallookuptexture,we alsohave to considerits minimum
dimensions.The threecoordinatesfor this texture lookup corre-
spondto thescalardatavalueat thefront s(f) , thescalardatavalue
at the backs(b) , andthe thicknessl [16]. The texture coordinates
areusuallycomputedby a linear mappingof the whole rangeof
s(f) , s(b) , andl , respectively, to therangeof texturecoordinates.In
our implementation,therangeof a particulartexturecoordinateis
[(2n)� 1;1� (2n)� 1], wheren is thedimensionof thetexturein the
correspondingdirection. Note that (2n) � 1 and1� (2n)� 1 specify
the coordinatesof the centersof the 0-th andthe (n� 1)-th texel,
respectively, in OpenGLtextures.

For the dimensionscorrespondingto s(f) ands(b) a resolution
correspondingto the Nyquist samplingrate of the transferfunc-
tionswill avoid mostvisible artifacts.In contrastto thescalardata
values,therangeof thethicknessl dependsonthetetrahedralmesh.
Morespeci�cally, theminimumthicknessis zeroandthemaximum
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Figure 6: Mapping of l 2 [0; lmax] to texture coordinate r 2 [(2nr ) � 1;1�
(2nr ) � 1] for dimensionnr = 8. Note that the mapping is linear instead
of logarithmic for 0 � l � 2� (nr � 2) lmax = lmax=64.

thicknessis equalto thelengthlmax of thelongestedgeof all cells
in eye space.If themodel-view matrix doesnot includeany scal-
ing, lmax is alsothelengthof thelongestedgein objectspace.Note
thatfragmentson thesilhouetteof a tetrahedralcell usuallyrequire
a thicknessvery closeto zero; thus, the pre-integratedlookup ta-
ble hasto cover the whole range[0; lmax]. Thedependency of the
color on the thicknessl is in generala very smoothfunctionsince
themostrelevantdependenciesaretheexponentialattentuationand
the linear accumulationof emittedlight. Therefore,previous im-
plementationsof pre-integratedcell projectionhave oftenchosena
ratherlow resolutionfor thethickness.

However, this is not appropriatefor datasetsfeaturinga very
high ratio betweenthelengthsof thelongestandtheshortestedges
of themesh.In thesecases,thethicknessof many small tetrahedra
will be closeto zero. Therefore,on the onehand,thesedatasets
requirea very high resolutionof the lookup tablefor small values
of l ; on theotherhand,the thicknessis still a smoothfunction for
largevaluesof l ; thus,a coarseresolutionfor largel is suf�cient.

Therefore,alogarithmicmappingof thethicknessl to thetexture
coordinater is moreappropriatethana linearmapping.Note that
a thicknessof l = 0 shouldbe mappedto the texture coordinate
of the 0-th texel r = (2nr )� 1 wherenr is the r-dimensionof the
texture. In orderto satisfytheseconstraints,we chosea mapping
of l to r, which is linearfor 0 � l � Dl with Dl = 2� (nr � 2) lmax and
logarithmicfor l � Dl ; seeFigure6 andEquation1.

r =
�

max
�

log2
l

Dl
;0

�
+ min

�
l

Dl
;1

� � .
nr +

1
2nr

(1)

A straightforwardimplementationof Equation1 usingtheOpenGL
ARB extensionfor fragmentprogramsrequiresseven instructions.
(Implementingthis mappingby meansof a 1D texture lookup
would usuallyrequirea prohibitively large texture size.) To com-
pute the pre-integrated lookup table ef�ciently , we employ an
adaptedvariantof theincrementalpre-integrationmethod[20] that
incrementallycomputestwo-dimensionalslices of the table for
l = 0;Dl ;2Dl ;4Dl ;8Dl ; : : : ;2nr � 2Dl .

4 ACCURATE COM POSI T I NG

In order to avoid renderingartifacts in volume renderingalgo-
rithms, colorshave to be compositedwith a higheraccuracy than
mostgraphicsadaptersoffer for framebuffers. Unfortunately, the

currenthardwaresupportfor �oating-point color buffershassome
crucial limitations,which prevent their ef�cient usein thecontext
of thePTalgorithmasdiscussedin detailin Section4.1.Section4.2
describesanapproachbasedon randomizedditheringusingframe
buffers with 8-bit color componentsto improve the quality of the
�nal image.

4.1 Floating-Point Color Buffer

Currentgraphicsadapters(basedon NVIDIA 's NV3x and ATI' s
R3xx chipsets)allow fragmentprogramsto write to andreadfrom
�oating-point texturesat the sametime. Although the resultsof
thesetexturereadoperationsareunde�ned,this techniquehasbeen
successfullyemployedto implementcolorblendingfor slice-based
volumevisualization[8].

For the small triangleprimitivesof the PT algorithm,however,
theresultsof thesetexturereadoperationsarein facterroneous—
presumablydueto cachingof texturedata.If thecompositingcom-
putationin thefragmentprogramis basedon outdateddata,severe
cachingartifactscan appear. For the NVIDIA QuadroFX 3000
graphicsboardusedin this work, we foundseveral waysto avoid
all thesecachingartifacts.Thetwo mostimportantare:

1. rasterizinga largepoint primitiveaftereachtrianglefan,or

2. binding thecolor buffer textureandsendinga fence(seethe
GL NV fenceextension[9]) aftereachtrianglefan.2

Althoughratherslow, thelatterapproachperformedbetterandwas,
therefore,usedfor ourmeasurementsin Section5.

The recently releasedNVIDIA GeForce FX 6800 (NV40
chipset)supportsrenderingto 16-bit �oating-point color buffers
with alphablending;thus,thereis no needto simultaneouslyread
from andwrite to thesametexture.Ourpreliminarymeasurements
indicatethatthis allows usto use�oating-point color buffersat in-
teractive frameratesfor thePT algorithm.

We found it extremely useful to employ �oating-point color
buffers to generatereferenceimagesbecausethesevisualizations
avoid all artifactsdueto color quantizationduringcolor composit-
ing. Thus,we areableto reveal renderingartifactsthatwould oth-
erwisebehiddenby colorquantizationartifacts.

4.2 Alpha Dithering

For framebufferswith very limited color resolution,e.g.,8 bits per
color component,Williams, Frank,andLaMar [23, 11] suggested
alphadithering asan ef�cient way to overcomequantizationarti-
factsin volumerenderingalgorithms.

Our variantof alphaditheringcustomizesthe 8-bit color quan-
tization of the color result of the fragmentprogram. The de-
fault quantizationon our graphicshardware mapsan output a -
componentbetween0 and1 to b255a + 1=2c=255 with the �oor
functionbxc denotingthelargestintegersmallerthanor equalto x.
In contrastto thisdefaultquantization,weimplementthefollowing
quantizationat thevery endof our fragmentprogram:

a 7!
�

(b255a c+ 1) =255 if 255a � b255a c > q
b255a c=255 otherwise

with a pseudo-randomnumberq 2 [0;1], which is determinedby
texture lookupsin tablesof randomnumbers.In otherwords,we
roundup with a probability equalto the fractionalpart of 255a ,
otherwisewe rounddown.

Our randomizedroundingperformsvery well in many cases;
however, it doesnot avoid all renderingartifactssincethegraphics

2This methodwassuggestedby Nick Triantos(NVIDIA).



(a) (b) (c)

Figure 7: Rendering of the NASA blunt �n data set: (a) without HILO lookup textures, (b) without 
oating-p oint color bu�er, and (c) with
both HILO lookup textures and 
oating-p oint color bu�er.

Table 1: Total rendering times per frame (including cell sorting) and
overheadintro duced by our enhancementsfor the blunt �n data set.

renderingtechnique/enhancement time in secs

basicpre-integratedPT algorithm(i) 0.195
overheadfor perspective interpolation(ii) 0.048

overheadfor HILO lookuptextures(iii) 0.031
overheadfor logarithmiclookup(iv) 0.040

total for framebuffer (i+ii+iii+i v) 0.314
totalwith alphadithering 0.621

total for �oating-point colorbuffer 1.781

Table 2: Number of tetrahedra and total frame bu�er rendering times
per frame for di�erent data sets.

dataset no. tets time in secs tetspersec

heatsink 121,668 0.252 483K
blunt �n 187,318 0.314 597K
cylinder 624,960 0.929 673K

X38 1,943,483 3.07 633K

hardwareperformsa secondquantizationafter the blendingoper-
ation of the �x ed-functionOpenGLpipeline. Unfortunately, this
blendingoperationis not customizable;thus,we cannotavoid ar-
tifactsintroducedat this point. The only exceptionto this rule is
purelyadditive blending. In this case,theresultof theblendingis
guaranteedto be quantized,andthe secondquantizationis, there-
fore, ineffective. This is alsotheonly casein which a randomized
roundingof thered,green,andbluecomponentsis preferableto the
randomizedroundingof a .

5 RESULTS

5.1 Timings

Wetestedour implementationona Windows XP PCwith anAMD
Athlon 64 3400+processor(2.4 GHz), an AGP 8� bus, and an
NVIDIA QuadroFX 3000graphicsadapterwith 256MB of video
memory. As discussedin Section2.3,our implementationtakesad-
vantageof theprogrammablevertex andfragmentprocessingpro-
videdby thegraphicshardware.Many factorsin�uence therender-
ing performance,for example,thenumberof tetrahedra,theimage
dimensions,andthedepthcomplexity. The transferfunctiondoes

(a) (b)

Figure 8: Isosurfacevisualization of the heat sink data set: (a) with-
out and (b) with perspective interpolation.

not affect the renderingperformancesincedifferenttransferfunc-
tionsareachievedby modifying thepre-integratedlookuptable.

Table1 shows thetiming resultsfor theNASA blunt �n dataset,
which is decomposedinto 187,318tetrahedrabeforerendering.All
times were measuredfor imagesof 800� 600 pixels. Sinceour
systemis fragment-bound,additionalinstructionsin the fragment
programincreasethe renderingtime. Note that we could greatly
improve therenderingperformanceby culling transparenttetrahe-
dra in software;however, for benchmarkingpurposeswe arepro-
jectingall tetrahedra.

Perspective interpolationis implementedusingvertex andfrag-
mentprogramswith twelve andeleven arithmeticinstructions,re-
spectively (seeSection2.3). The use of HILO lookup textures
requiresan additional3D-texture lookup per fragment(seeSec-
tion 3). The logarithmiclookup is implementedwith seven arith-
metic instructionsper fragment,as mentionedin Section3. For
the imagesin this paperwe alwaysemployed lookup tablesof di-
mensions256� 256� 16 where16 is thedimensionof the texture
correspondingto thethicknessl .

Ten arithmetic instructions and two 2D-texture lookups in
pseudo-randomnumbertablesareneededper fragmentfor alpha
dithering (seeSection4.2). Due to the additionaloperationsre-
quiredto eliminatethetexturecachingartifactsasdiscussedin Sec-
tion 4.1, the color compositingin a �oating-point color buffer is
considerablyslower thanin a framebuffer.

Table2 presentstherenderingtimesperframefor differentdata
setsrenderedwith perspective interpolationandlogarithmicHILO
lookuptextures.Thetimesareroughlylinearin thenumberof pro-
jectedtetrahedrabut alsodependstronglyon thenumberof raster-
izedfragments.



(a) (b) (c)

Figure 9: Rendering of the NASA tapered cylinder data set: (a) with color compositing in the frame bu�er, (b) with alpha dithering and color
compositing in the frame bu�er, and (c) with color compositing in a 
oating-p oint color bu�er.

(a)

(b)

Figure 10: Isosurfacevisualization of the pressurecomponent of the
NASA X38 data set: (a) with a uniform lookup texture and (b) with
a logarithmic lookup texture.

Our preliminary measurementson an NVIDIA GeForce FX
6800GT clocked at 350 MHz show only a slight increasein per-
formance. For example, the renderingwith all enhancementsto
an 8-bit framebuffer is about22% fasterthanwith the NVIDIA
QuadroFX 3000.This is presumablydueto bottleneckscausedby
the CPUor the AGPbus. Thereis, however, an importantexcep-
tion: the renderingwith hardware-supportedblendingto a 16-bit
�oating-point colorbuffer is only lessthan1% slower thantheren-
dering to an 8-bit framebuffer sinceno additionaloperationsare
necessaryto avoid cachingartifacts.

5.2 Comparisonof Artifacts

Oneadvantageof our implementationis that it allows us to study
artifactsin termsof their causesand remedies. In the following
discussion,we comparedifferentrenderingsandrelateartifactsto
techniquesthatremove them.

Perspective interpolationof vertex attributesis requiredin the
PT algorithmsincean incorrectlinear interpolationof texture co-
ordinatescauseserroneouscoloring (seeSection3). In Figure8,
we show a volume visualizationof the heatsink dataset, which
mimics an isosurfacerenderingby employing a transferfunction
with a sharppeakat the isovalue. Without perspective interpola-
tion, artifactsin the form of cracksandoverlapsoccuralong the
intersectionsof theisosurfacewith cell faces,asshown in theinset
in Figure8a. In contrast,renderingwith perspective interpolation
shows no artifacts,asshown in theinsetin Figure8b. Notethatall
insetsin Figures7 to 10aremagni�ed andcontrast-enhanced.

An 8-bit per componentpre-integratedlookup texture doesnot
offersuf�cient colordepth,asmentionedin Section3. Forexample,
thestructuredartifactsshown in Figure7aresultfrom thecoarsely
quantizedcolorsof suchalookuptexture.Ontheotherhand,HILO
lookup texturesproduceartifact-freerenderingsasshown in Fig-
ure 7c. Color compositingalsorequiresa high color accuracy, as
notedin Section4.1. Figure7b shows a renderingusinga frame
buffer with only 8 bits percomponentfor color compositing.This
limited color depthresultsin structuredartifacts,which aresimilar
to thosein Figure7a.

As explainedin Section4.2, alphadithering alleviatesrender-
ing artifactsresultingfrom quantizationerrorsto a certainextent.
Figure9ashows theNASA taperedcylinder datasetrenderedwith
an8-bit percomponentframebuffer. Alpha ditheringlessensarti-
factsin inset“1” andalmostremovesthemin inset“2” asshown in
Figure9b. With �oating-point precisionfor thecolor compositing,
alphaditheringis unnecessary, asshown in Figure9c.

As explainedin Section3, a uniform lookuptexture is inappro-
priateif theratiobetweenthelengthsof thelongestandtheshortest
meshedgesis very high, which is thecasein theNASA X38 data
set.Verysmalltetrahedrahave thicknessescloseto zero;thus,they
requirelookuptextureswith anextremelyhigh resolutionfor small
thicknesses.Uniform lookuptexturescannotoffer sucha high res-
olution at a feasiblesize and, therefore,lead to under-sampling
errorsfor extremely small tetrahedra.This resultsin darker ren-
deringswith substantialedgeartifacts(Figure10a)asopposedto
the artifact-freerenderingwith a logarithmiclookup texture (Fig-
ure10b).



6 CONCL USI ONS AND FUTURE WORK

We have identi�ed andcuredall major renderingartifactsthatare
commonin implementationsof thePTalgorithm.Theseincludein-
correctinterpolation,insuf�cient accuracy anddimensionsof pre-
integratedlookup tables,and insuf�cient accuracy of the frame
buffer usedfor compositing. With our improvements,the PT al-
gorithmis capableof achieving a renderingquality thatwasprevi-
ouslyonly possiblewith raycastingapproaches.

Our solutionto the limited accuracy of framebuffers is theuse
of �oating-point color buffers,which is well supportedonly by the
latestgraphicshardware. This hardwareallows us to provide the
highestrenderingqualityat interactive framerates.

Several of our improvementsarenot restrictedto the PT algo-
rithm. For example, the correct perspective interpolationcould
also be appliedto pre-integratedtexture-basedvolume rendering
[4], and logarithmic lookup texturescould be usedfor hardware-
acceleratedray castingalgorithmswith an adaptive samplingrate
[15, 20].

In orderto furtherimprovethePTalgorithm,weplanto integrate
thevolumelighting methoddescribedby Lum et al. [12] with cor-
rectperspective interpolation.Moreover, we intendto validatethe
volumevisualizationsgeneratedby oursystemby meansof acom-
parisonwith a softwareray caster. This will allow us to studythe
effect of incorrectvisibility orderingsandto comparethenumeri-
cal pre-integrationwith analyticsolutionsof thevolumerendering
integral for piecewise-lineartransferfunctions.
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